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Abstract
Inflation in the early universe can generate the nearly conformal invariant fluctuation that leads
to the structures we observe at the present. The simple viable Starobinsky R2 inflation has an
approximate global scale symmetry. We study the conformal symmetric Weyl Rˆ2 gravity and
demonstrate its equivalence to Einstein gravity coupled with a scalar and a Weyl gauge field. The
scalar field can be responsible for inflation with Starobinsky model as the attractor, potentially
distinguishable from the latter by future experiments. The intrinsic Weyl gauge boson becomes
massive once the Einstein frame is fixed, and constitutes as a dark matter candidate through
gravitational production.
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I. INTRODUCTION
The paradigm that there was an inflationary period in the early universe provides a com-
pelling solution to the horizon and flatness problems [1–4], and also explains the primordial
origin for the almost scale-invariant density fluctuation that is responsible for the observed
large scale structure in the late universe [5]. Although the exact model for inflation is not
known yet, ongoing and future planned experiments will give important information, for
example, the spectral index and the strength of primordial gravitational waves, which would
be useful to distinguish different models.
The usual Einstein gravity assisted with a R2 term stands out as a simple, elegant and
well motivated inflation model, known as the Starobinsky inflation [1] that was proposed
originally to avoid the singularity problem. This model has an approximate global scale
invariance because the Einstein-Hilbert term R explicitly breaks the scaling symmetry, and
is equivalent to adding a new scalar [6, 7]. Extending the global scaling symmetry into
local Weyl conformal symmetry results in new interactions with additional physical degrees
of freedom, as shown firstly by Weyl in [8] where a new gauge field was introduced. Since
proposed, Weyl conformal symmetry with various studies have been explored in gauge theory
of quantum gravity [9, 10], induced gravity [11–15], scale-invariant extensions of the standard
model of particle physics [16–22], inflation and late cosmology [23–46].
In this paper we study inflation in the Weyl symmetric Rˆ2 gravity, where Rˆ is the modified
Ricci scalar that contains the Weyl gauge field intrinsically. We show the introduction of Rˆ2
term is equivalent to a new scalar degree of freedom that can be responsible for inflation, but
different from the Starobinsky model in several ways. We also find that generally the signs
of the kinetic term of scalars in this theory can be positive or negative, both of which allow
analytic treatments and extend earlier relevant study [41]. More intriguingly, we demonstrate
that the inflationary observables in this theory are different from Starobinsky model, but
with later as an attractor in our formalism, which can be tested in future experiments
with sensitivity of tensor-to-scalar ratio r ∼ 0.003. Once the Einstein frame is fixed, the
intrinsically associated Weyl gauge boson becomes massive as it absorbs one scalar as its
longitudinal model, and is a possible dark matter candidate 1.
This paper is organized as follows. In Sec. II, we establish the conventions and general
1 Dark matter in this model is different from other scenarios where inflaton is identified as dark matter [47–
56], and is also unlike [57] where DM is identified as the scalaron in f(R) gravity.
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formalism for Weyl gravity. Then in Sec. III, we discuss the details of Weyl Rˆ2 gravity and
illustrate how it connects with Einstein gravity that couples to a scalar field and a Weyl
gauge field. We further extend the formalism to theories with functions of Rˆ and multiple
scalars. Later in Sec. IV we demonstrate how the scalar can act as the inflaton field and
compare it with the Starobinsky model. In Sec. V we briefly discuss the physics of Weyl
gauge boson as dark matter in this scenario. Finally, we give our conclusions.
Throughout the paper, we use the metric with a sign convention (−1,+1,+1,+1), and
the natural unit, ~ = c = 1,Mp ≡ 1/
√
8piG = 1. Greek letters, µ, ν, ..., refer to spacetime
indices, (0, 1, 2, 3).
II. NOTATION AND FORMALISM
Before discussing the Weyl Rˆ2 gravity, let us first consider the following action for metric
tensor field gµν , Weyl gauge field Wµ ≡ gWwµ and scalar field φ,
S =
∫
d4xL, L = √−g
[
1
2
φ2Rˆ− 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − λφ4
]
, (1)
where gW is the gauge coupling associated with Weyl gauge symmetry defined shortly below,
the covariant derivative on scalar Dµ = ∂µ−Wµ, and the modified Ricci scalar Rˆ is obtained
from Rˆρσµν ,
Rˆρσµν = ∂µΓˆ
ρ
σν − ∂νΓˆρσµ + Γˆρµτ Γˆτσν − Γˆρντ Γˆτσµ, Rˆσν = Rˆρσρν , Rˆ = gσνRˆσν , (2)
Γˆρµν = Γ
ρ
µν +
[
Wµδ
ρ
ν +Wνδ
ρ
µ −W ρgµν
]
,Γρµν =
1
2
gρσ (∂µgσν + ∂νgµσ − ∂σgµν) . (3)
Note that Γˆρµν can be derived when we replace the usual derivatives on metric tensor in
Christoffel symbol Γρµν with
∂µgρσ → (∂µ + 2Wµ) gρσ. (4)
We have kept a parameter ζ in the front of kinetic term of φ, which can be positive, negative
and zero. The point that ζ can be negative was largely overlooked in some previous stud-
ies [15, 41] and we have showed consistent theories are possible with both signs in [37, 38].
The reason for this introduction will be clear in later discussions. Since we have the freedom
to rescale φ, we can normalize the coefficient in the front of φ2Rˆ to be 1/2. Therefore the
absolute value |ζ| is not theoretically bounded at the point.
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Under the following Weyl conformal transformation parametrized by a positive transfer
function f(x),
gµν → g′µν = f 2gµν , (5)
Wµ → W ′µ = Wµ − ∂µ ln f, (6)
φ→ φ′ = f−1φ, (7)
the Lagrangian L is invariant, namely, independent on f . More precisely speaking, each
term in the bracket of eq. (1) (×√−g) is invariant. This can be easily verified by using the
following identities,
Γˆ
′ρ
µν = Γˆ
ρ
µν , Rˆ
′ρ
σµν = Rˆ
ρ
σµν , D
′
µφ
′ = fDµφ. (8)
Although tedious, it is straightforward to show the relation between Rˆ and R,
Rˆ = R− 6WµW µ − 6∇µW µ, ∇µW µ = 6√−g∂µ
(√−gW µ) , (9)
where R is usual Ricci scalar defined by Γρµν . With this quantity, we can rewrite
φ2Rˆ = φ2R− 6φ2WµW µ − 6φ
2
√−g∂µ
(√−gW µ) ,
= φ2R− 6φ2WµW µ + 12φ∂µφW µ − 6√−g∂µ
(√−gφ2W µ) ,
→ φ2R− 6 (∂µφ−Wµφ)2 + 6∂µφ∂µφ = φ2R + 6∂µφ∂µφ− 6DµφDµφ. (10)
In the last line above, we have dropped the surface term which vanishes in our interested
cases. The combination φ2R + 6∂µφ∂
µφ is conformal invariant and widely used in the
literature. Note that DµφD
µφ can be joined with ζ term with ζ → ζ + 6, which is one of
the reasons why we have kept ζ apparent.
Since the theory is conformal invariant, it has the freedom to fix the frame or gauge by
choosing proper f in the Weyl transformation. To compare with the Einstein gravity, it is
physically natural to adopt f(x) = φ in the Weyl transformation eq. (5) or equivalently fix
φ2 = 1, then we would restore Einstein gravity with a massive Weyl gauge boson Wµ,
L = √−g
[
1
2
R− λ− 1
4g2W
FµνF
µν − 1
2
(ζ + 6)WµW
µ
]
, (11)
where the mass for Wµ is given by gW
√
ζ + 6 and ζ + 6 > 0 is required to have positive and
real mass for Wµ. It is seen that the physical degree of freedom φ has been absorbed as the
4
longitudinal model of Wµ. Because there is a Z2 symmetry for Wµ, Wµ → −Wµ, Weyl gauge
boson Wµ is stable and can be a good dark matter candidate when having the correct relic
abundance. We have discussed this scenario extensively in Ref. [37, 38], where we have also
proved that the conclusion is also true for theories with multiple scalars.
There is a cosmological constant λ in above formalism, whose value can be determined
only by experimental or observational data. If it is identified as the current dark energy
density, λ should be as small as 10−120M4P . In such a case, λ term is only important in the
very late universe when it dominates the energy density and can be omitted in discussing
physical effects in the early inflationary cosmology. In principle, the effect of this λ term is
different in other model setup, which we shall show in Weyl Rˆ2 gravity in the next section.
III. WEYL Rˆ2 GRAVITY
A. Rˆ2 Gravity
In this section, we discuss the Lagrangian with an additional Rˆ2 term,
L = √−g
[
1
2
φ2Rˆ +
α
12
Rˆ2 − 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − λφ4
]
. (12)
There are several reasons why we only add the R2 term here. Firstly, the usual R2 term
can give a viable inflation model, namely, the Starobinsky inflation [1]. This makes it an
attractive candidate for extension of Einstein’s gravity and it would be useful to compare
with this benchmark model. Secondly, it is the lowest-order conformally invariant term
that can be added without unitarity and instability issues. The introduction of RˆµνRˆ
µν and
RˆµνρσRˆ
µνρσ generally would be accompanied with instabilities caused by other new degrees
of freedom [6, 58, 59].
From eq. (9), at first sight we can observe that Rˆ2 would introduce more terms involving
Wµ, such as cubic and quartic ones,
Rˆ2 = R2 + 36 (∇µW µ +WµW µ)2 − 12R (∇µW µ +WµW µ) . (13)
Then, one may naively expect that the Z2 symmetry mentioned in the last section would
not be preserved any more. Furthermore, since a new kinetic term ∇µW µ∇νW ν appears
differently from the usual massive vector theories, it seems additional new vectorial degree
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of freedom are introduced. In the following, we shall how both naive expectations are not
the real case. Note that we may add to the Lagrangian a particular combination,
1
2
WµνρσW
µνρσ =
1
6
Rˆ2 − RˆµνRˆµν + 1
2
RˆµνρσRˆ
µνρσ =
1
6
R2 −RµνRµν + 1
2
RµνρσR
µνρσ, (14)
which is independent of Wµ. Here Weyl tensor is defined by
Wµνρσ = Rˆµνρσ − gµ[ρRˆσ]ν + gν[ρRˆσ]µ + 1
3
Rˆgµ[ρgσ]ν . (15)
However, since high-derivative terms from RˆµνRˆ
µν and RˆµνρσRˆ
µνρσ still appear, the theory
would again suffer unitarity and instability issues. Therefore, we only focus on Rˆ2 for the
rest of our discussions.
We introduce an auxiliary field χ, and rewrite the Lagrangian eq. (12) as
L = √−g
[
1
2
(
φ2 +
α
3
χ2
)
Rˆ− α
12
χ4 − 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − λφ4
]
. (16)
The equivalence can be shown after we use the equation of motion for χ,
δL
δχ
= 0⇒ χ2 = Rˆ, (17)
and put it back into eq. (16). This also explicitly demonstrates that introduction of Rˆ2 is
equivalent to a new scalar degree of freedom.
Note that the Lagrangian still respects the Weyl symmetry, therefore we have the freedom
to choose the transfer function f to fix the frame. In this case, we shall use f 2 = φ2 + α
3
χ2
or equivalently set φ2 + α
3
χ2 = 1 to restore the Einstein gravity. Then, we get
L√−g =
1
2
R− 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − 3W µWµ − 3
4α
(
1− φ2)2 − λφ4. (18)
Noting that there is a linear term of Wµ in the kinetic term of φ, we can rewrite
1
2
ζDµφDµφ+ 3W
µWµ =
1
2
[(
6 + ζφ2
)
W µWµ − ζW µ∂µφ2
]
+
1
2
ζ∂µφ∂µφ
=
1
2
(
6 + ζφ2
) [
Wµ − 1
2
∂µ ln
(
6 + ζφ2
)]2
+
1
2
6ζ
6 + ζφ2
∂µφ∂µφ, (19)
and make the redefinition
W µ = Wµ − 1
2
∂µ ln
(
6 + ζφ2
)
, (20)
which is nothing but an usual gauge transformation for Wµ and would not change the kinetic
term, FµνF
µν = F µνF
µν
. As a result, we have the following Lagrangian,
L√−g =
1
2
R− 1
4g2W
F µνF
µν−1
2
(
6 + ζφ2
)
W
µ
W µ− 3ζ
6 + ζφ2
∂µφ∂µφ− 3
4α
(
1− φ2)2−λφ4. (21)
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Now it becomes clear that Z2 symmetry is restored for W µ.
As long as the relation ζ (6 + ζφ2) > 0 is satisfied, we would have a normal scalar. Then
we can define a new scalar field σ by
dσ
dφ
= ±
√
6ζ
6 + ζφ2
. (22)
Then σ(x) would have the canonical kinetic terms. For the ζ = 0, σ or φ is not dynamical
and its value can be fixed by the equation of motion, which is a trivial case that we shall
not discuss any further. For ζ 6= 0, we have the analytic solutions,
φ =
√
6
+ζ
sinh
±σ√
6
, for ζ > 0, (23)
φ =
√
6
−ζ cosh
±σ√
6
, for ζ < 0. (24)
Finally, we have a theory of Einstein gravity, a canonical scalar σ and a massive vector W µ,
L√−g =
1
2
R− 1
4g2W
F µνF
µν − 1
2
(
6 + ζφ2
)
W
µ
W µ − 1
2
∂µσ∂µσ − 3
4α
(
1− φ2)2 − λφ4, (25)
where φ now is a function of σ in eqs. (23) and (24), depending on the sign of ζ. The scalar
potential is minimized at φ2 = 1/(1 + 4λα/3) with V = 0. Note that the special case with
ζ = 6 and positive sign in the solution was studied in [41], whose results we agree with.
In the limit with ζ → ∞, we have the approximation 6 + ζφ2 ' ζφ2 for non-zero φ in
eq. 21, then we would have
dσ
dφ
= ±
√
6
φ
, (26)
whose solution is φ = exp(±σ/√6) and independent on ζ. Put the solution with negative
sign into the potential (1 − φ2)2, we get exactly the same potential in Starobinsky model,
which is given by
V (σ) = 3
4α
[
1− exp
(
−
√
2
3
σ
)]2
. (27)
In the large ζ limit, W µ has an infinitely large mass and will decouple from other fields.
Then, this theory effectively reduces to Starobinsky model. For inflationary observables,
the equivalence depends on whether ζφ2  6 is satisfied or not in the relevant field interval
during inflation, about which we shall discuss more in section IV.
Note that the attractor behavior to Starobinsky model as ζ → ∞ would not appear if
we take ζ → ∞ from the very beginning, namely, from eq. (18), in which case both φ and
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Wµ is decoupled. The usual lore is that when a term in the Lagrangian is taking to be
infinity large, it would decouple from other fields and therefore can be neglected. However,
this wisdom does not apply here because there is a mixing term between Wµ and φ. After
a gauge transformation of Wµ, a new contribution of kinetic term arises for φ and a finite
sum as ζ →∞ is left over. This is clearly illustrated in eq. (19). The lesson learned here is
that we should always work with the final Lagrangian that has Z2 symmetry for the physical
W µ.
B. F (Rˆ, φ) Gravity
The above formalism can be extended to models with functions of Rˆ and φ. If the
Lagrangian has the following form
L√−g =
1
2
F (Rˆ, φ)− 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − λφ4. (28)
where F (Rˆ, φ) is a function of Rˆ without derivatives and φ with dimensional four to be
conformal invariant. In our discussion above, F (Rˆ, φ) = φ2Rˆ+αRˆ2/6. We can similarly use
the auxiliary field χ and rewrite the Lagrangian
L√−g =
1
2
[
F (χ2, φ) + FRˆ
(
χ2, φ
) (
Rˆ− χ2
)]
− 1
2
ζDµφDµφ− 1
4g2W
FµνF
µν − λφ4, (29)
where FRˆ denotes the derivative of F (Rˆ, φ) over Rˆ and F (χ
2, φ) ≡ F (Rˆ→ χ2, φ). One may
check that the equation of motion for χ still gives χ2 = Rˆ.
It is also apparent that the above new Lagrangian is conformal invariant and linear
on Rˆ. Likewise, we can choose the conformal transformation with f ≡ FRˆ (χ2, φ) = 1
and the resulting theory describes Einstein gravity coupled with a scalar and a massive
vector and has the same Lagrangian as eq. (25) but with the potential replaced by V(φ) =
− [F (χ2, φ)− χ2FRˆ (χ2, φ)] /2 + λφ4. Once again, Z2 symmetry for the Weyl gauge boson is
preserved.
Although the formalism is straightforward for any F (Rˆ, φ), in reality the scalar potential
is very complicated even if we modify our previous case slightly. For instance, we may
consider the following function with Rˆ3,
F (Rˆ, φ) = φ2Rˆ +
α
6
Rˆ2 +
β
6φ2
Rˆ3. (30)
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Then we can work out
FRˆ
(
χ2, φ
)
= φ2 +
α
3
χ2 +
β
2φ2
χ4, (31)
F
(
χ2, φ
)
= φ2χ2 +
α
6
χ4 +
β
6φ2
χ6. (32)
The scalar potential is given by
V(φ) =
α
6
χ4 +
β
3φ2
χ6 + λφ4. (33)
where χ2 as a function of φ is determined by FRˆ (χ
2, φ) = 1, β
2
χ4 + α
3
φ2χ2 − φ2(1− φ2) = 0,
χ2 =
α/3±√α2/9 + 2β(1− φ2)/φ2
β
φ2. (34)
The resulting V(φ) is a complicated function of φ which itself depends on the canonical
scalar σ as in previous section. Since there is no much new insights in this case, we shall
stick to Rˆ2 case in our later discussions.
C. Multiple Scalars
We have so far only discussed the case with a single scalar φ. One may wonder what
happens if we have N scalars that couple to gravity non-minimally. For example, the
Lagrangian can be given as following,
L√−g =
1
2
Rˆ
∑
I
βIφ
2
I +
α
12
Rˆ2 − 1
2
∑
I
ζID
µφIDµφI − 1
4g2W
FµνF
µν − V (φI) . (35)
Here we have kept βI and now it may have three values, βI = ±1 or 0, I = 1, 2, ..., N . The
Weyl invariant scalar potential has a form
V (φI) =
∑
i,j,...,n
∑
I,J,...,N
C[φK/φL]φ
i
Iφ
j
J · · ·φnN , i+ j + ...+ n = 4, (36)
where C[φK/φL] are dimensionless functions of the ratios φK/φL. Using similar procedures,
we can obtain the Lagrangian in Einstein frame,
L√−g =
1
2
R− 1
4g2W
F µνF
µν − (6 +
∑
I ζIφ
2
I)
2
W µW
µ
− 1
2
1
6 +
∑
I ζIφ
2
I
[
6
∑
I
ζI∂µφI∂
µφI −
∑
I 6=J
ζIζJφIφJ∂µφI∂
µφJ
]
− V (φI) . (37)
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In this case, Z2 symmetry for W µ is also manifest. It can be easily checked that when
N = 1, it agrees with our previous result above. In such a general setup, non-canonical
and mixed kinetic terms for φI are encountered. However, unlike the single scalar case, for
N > 1 generically we are unable to find field redefinition to get the canonically normalized
kinetic terms. This may be easily understood from the following argument. For N > 1, one
can regard the metric for the field space with coordinates φI , GIJ (φ),
GII =
6ζI
6 +
∑
I ζIφ
2
I
, (38)
GIJ = − ζIζJφIφJ
6 +
∑
I ζIφ
2
I
, for I 6= J, (39)
and the invariant length ds2 = GIJdφIdφJ . If the corresponding Riemann tensorRIJMN = 0,
we would have a flat geometry in the field space. Then there should exist field transfor-
mations, ϕI = ϕI(φJ), to have the new metric G˜IJ(ϕ) = δIJ and ds
2 = δIJdϕIdϕJ . Since
RIJMN 6= 0 in our case for N > 1, such transformations would be unlikely. Hence, a com-
plete analytic treatment of the theory would be unrealistic for N > 1. For the rest of this
paper, we shall concentrate on N = 1 case only.
IV. INFLATION
We are now in a position to discuss inflation. We shall demonstrate it is possible to have
viable inflation in both cases, ζ > 0 and ζ < 0. When ζ < 0, we can use the relation,
cosh2 x − sinh2 x = 1, and rescale ζ and α to bring the potential into the same form as in
ζ > 0. This suggests that as far as inflation is concerned, these two cases give the same
dynamics. Therefore, we only need to investigate the ζ > 0 case. For concrete discussions,
we shall use the positive sign in the solution, eq. 23. The potential from eq. (25) at inflation
era is
V (σ) ' 3
4α
[
1− 6
ζ
sinh2
(
σ√
6
)]2
. (40)
Here we have ignored the λ term. When λ is as small as we discussed in the end of sec. (II),
its contribution is negligible in the inflation epoch. However, it can still shift potential
minimum to φ2 = 1/(1 + 4λα/3) at which V = 0, unlike the cosmological constant in
sec. (II). Another reason for the choice of small λ is to compare transparently with the
usual Starobinsky inflation. As we mentioned before, our scenario flows effectively into
Starobinsky model ζ →∞, which will be explicitly verified numerically below.
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In the left panel of fig. (1), we show the overall shape of the potential V (σ) with several
choices of ζ, ζ = 1, 100, 1000. The shape is very similar to the Higgs potential in particle
physics. It is also intuitive that as ζ increases, the flat region gets broadened at small σ
in which V (σ) ' 1. With a flat potential, inflation may occur, starting from small |σ|
and rolling down slowly to larger |σ| at the minimum. This picture appears different from
Starobinsky model eq. (27) where inflaton field rolls slowly from large σ to 0. However, as
we shall show shortly, when we shift σ with some finite value that depends on ζ, the physical
pictures in two models agree with each other.
The slow-roll parameters are calculated as
 =
1
2
(
Vσ
V
)2
=
12 sinh2
(√
2
3
σ
)
[
ζ − 6 sinh2
(
σ√
6
)]2 , (41)
η =
Vσσ
V
=
12 cosh
(
2
√
2
3
σ
)
− 4(ζ + 3) cosh
(√
2
3
σ
)
[
ζ − 6 sinh2
(
σ√
6
)]2 , (42)
where Vσ ≡ dV/dσ and Vσσ ≡ dVσ/dσ. The spectral index ns of the power spectrum
and tensor-to-scalar ratio r for the signal strength of primordial gravitational wave are
determined by ns = 1− 6+ 2η and r = 16. The theoretically calculated values of ns and r
for ζ = 250, 500, 1000, 5000 are shown as squares (N = 50) and circles (N = 60) (from left
to right) in the right panel of Fig. 1. Here, N is the e-folding number, N ∼ [50, 60] before
inflation ends,
N ≡ ln ae
ai
'
∫ tend
t
Hdt '
∫ σi
σe
dσ√
2
, (43)
where ai(ae) is the scale factor at initial (end) time of the inflation, σi(σe) is the corresponding
field value, and H is the Hubble parameter. σe is determined by the violation of slow-roll
condition,  ∼ 1 or η ∼ 1.
Since there are no simple and transparent relations between ns(r) and N for arbitrary ζ,
we numerically solve the inflationary dynamics and calculate the corresponding ns and r for
each ζ and N . As we can see in Fig. 1 there is viable parameter space for ζ to be consistent
with the latest constraint from Planck [60] (color-shaded regions). The predictions of r
will be smaller than the sensitivity of next-generation CMB experiment [61] (two smaller
red contours). Future upgrade with reach of r ∼ 0.003 will be needed to detect primordial
gravitational wave in this model.
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FIG. 1. (Left)The scalr potentials with ζ = 1, 100, 1000. (Right)Values of (ns, r) for ζ =
250, 500, 1000, 5000 (from left to right). The predictions of (ns, r) with 4 different ζs are shown for
e-folding number N = 50 (squares) and 60 (circles), in comparison with the shaded regions allowed
by Planck [60] with 1-σ (blue) and 2-σ (purple), and the future projection of CMB-S4 [61] in red
smaller contours. The filled red square and circle are the values for Starobinsky inflation.
For comparison, we also show the prediction in Starobinsky inflation, ns ' 1− 2/N and
r ' 12/N2, as the filled red square and circle. At first sight, it may seem surprising that the
predictions of ns and r coincide with those in Starobinsky inflation as ζ increases, after all
they have different potentials and we do not know whether 6 + ζφ2 ' ζφ2 is satisfied or not
in the observable region, because inflation can also happen when φ = 0. In the following, we
shall give an explanation for this coincidence through analytic analysis about the potential.
First, note that the potential V (σ) and φ2(σ) are even functions of σ, so we may focus on
the σ < 0 branch because the other half gives the same physical results. We can rewrite the
potential as
V (σ) =
3
4α
1− 6
ζ
exp
(
−
√
2
3
σ
)
+ exp
(√
2
3
σ
)
− 2
4

2
=
3
4α′
{
1− 3/2
ζ + 3
[
exp
(
−
√
2
3
σ
)
+ exp
(√
2
3
σ
)]}2
, (44)
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where we have defined α′ = αζ/(ζ + 3) and it is evident that α′ → α as ζ → ∞. The
observable patch of the universe that went through inflation occurred when |σ| is away from
0. The larger ζ is, the further |σ| is away from the origin. This may be indicated in the left
plot in Fig. (1) because slow-roll conditions  1 and |η|  1 can still be satisfied when |σ|
is far away from 0 as ζ increases. Since we focus on σ < 0 regime for large ζ, we can neglect
the term exp
(√
2σ/
√
3
)
which is much smaller than exp
(−√2σ/√3) in the relevant region.
Therefore, we have the following approximation,
V (σ) ' 3
4α′
[
1− exp
(
−
√
2
3
[σ + σ0]
)]2
, (45)
where σ0 is defined by exp
(
−
√
2
3
σ0
)
=
3/2
ζ + 3
in eq. (44). Finally making a global shift of
field variable σ = σ + σ0, we have the same potental as the one in Starobinsky model,
V (σ) =
3
4α′
[
1− exp
(
−
√
2
3
σ
)]2
. (46)
Now it shows that although σ is rolling from 0 to negative value, σ rolls from finite positive
value to 0, just like in Starobinksy model. The above analysis explains why the predictions of
ns and r are almost independent of ζ when ζ & 500, because Starobinsky model emerges as an
attractor for our scenario when ζ increases. The plot also indicates that future experiments
searching for primordial gravitational waves with sensitivity of tensor-to-scalar r < 0.001 is
needed to distinguish two models.
V. DISCUSSION
Finally, we briefly discuss the roles of Weyl gauge boson in this model. Firstly, as we
have shown in previous section, the introduction of Wµ or Weyl symmetry in the formalism
makes the physical theory differently from the usual R2 model. The phenomenological effects
on inflationary observable are also differently from the Starobinsky model, which might be
tested in future precision measurements.
Secondly, we have demonstrated that there is a Z2 symmetry for the final physical massive
Weyl gauge field W µ in the general theory of F (Rˆ, φI) with multiple scalars φI . W µ can be
produced through gravitation [62–67] and would be stable due to Z2 symmetry, therefore
serving as a dark matter candidate. We have studied similar physics in other type of inflation
model in ref. [37], to which the readers may refer for details.
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VI. CONCLUSION
We have studied inflation in the Weyl scaling invariant Rˆ2 gravity. The Weyl conformal
symmetry is spontaneously broken once the Einstein frame is chosen. We have demonstrated
this theory is equivalent to Einstein gravity coupled to a scalar field and a massive Weyl
gauge field. The scalar can be responsible for inflation in the early universe and the Weyl
gauge boson can be a dark matter candidate.
This scenario is different from the usual Starobinsky model in several ways. First, a new
scalar field is introduced for preserving Weyl symmetry and the sign of its kinetic term can
be both positive and negative. The resulting scalar potential is also different from that
in Starobinsky model, but with the latter as an attractor or limit case in the scenario.
The physical difference in inflationary observable may be tested in future experiments that
aim to detect primordial gravitational waves. Secondly, the originally massless Weyl gauge
boson becomes massive once the Einstein frame is fixed, after absorbing another scalar as its
longitudinal model. The massive Weyl gauge boson can be a dark matter candidate through
the gravitational production.
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